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Quantum systems usually travel a multitude of different paths when evolving through time from 
an initial to a final state. In general, the possible paths will depend on the future and past bound¬ 
ary conditions, as well as the system’s dynamics. We present a gedanken experiment where a 
single system apparently follows mutually exclusive paths simultaneously, each with probability 
one, depending on which measurement was performed. This experiment involves the measurement 
of observables that do not correspond to Hermitian operators. Our main result is a scheme for 
measuring these operators. The scheme is based on the erasure protocol [Phys. Rev. Lett. 116, 
070404 (2016)] and allows a wide range of sequential measurements at both the weak and strong 
limits. At the weak limit the back action of the measurement cannot be used to account for the 
surprising behaviour and the resulting weak values provide a consistent yet strange account of the 
system’s past. 


I. INTRODUCTION 

The joint measurement of sequential observables in 
quantum mechanics is not canonically defined. A sequen¬ 
tial measurement of two observables at different times 
can lead to incompatible results that depend on how the 
experiment is carried out US]. When the observables 
are compatible (i.e., they commute) the results of a mea¬ 
surement can depend on the context of the measurement, 
leading to the well known contextuality and non locality 
theorems [SHiQ]. When the observables are incompati¬ 
ble, the results of measurements can be correlated in a 
non-trivial manner that leads to Leggett-Garg inequali¬ 
ties mHH] for standard invasive measurements and to 
other predictions when the measurements are less inva¬ 
sive [21 SO]. 

Questions regarding sequential measurements are even 
more signihcant in systems with both past and future 
boundary conditions. The observable quantities that de¬ 
pend on past (pre-selected) and future (post-selected) 
boundary conditions are not limited to Hermitian op¬ 
erators (or POVM elements), but rather depend on the 
implementation of the measurement and how it affects 
the measured system {i.e. the observable transition am¬ 
plitudes depend on Kraus operators). The Two-State 
Vector Formalism (TSVF) |2IJ[11] provides a useful plat¬ 
form for asking questions about pre- and post-selected 
systems. 

Aharonov, Bergman and Lebowitz (ABL) |2I] derived 
a formula for calculating conditional probabilities for 
the outcomes of projective measurements performed on 
pre- and post-selected ensembles. Each set of prob¬ 
abilities predicted by the ABL formula is limited to 
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a particular measurement strategy. This may lead to 
strange ‘counterfactual’ predictions regarding measure¬ 
ments which cannot be performed simultaneously [23] . 
Aharonov, Albert and Vaidman (AAV) introduced a new 
way to extract information from the system with negli¬ 
gible change of the measured state [22H1S]- The result 
of this weak measurement is a complex number called 
a weak value. Unlike standard observables, whose mea¬ 
surement result corresponds to a classical outcome, weak 
values can exceed the spectrum of the weakly measured 
operator and form an effective ‘weak potential’. When 
we weakly couple a particle to an operator A describing 
a pre- and post-selected system, the weak value {Aju, 
will enter the interaction Hamiltonian m- Despite the 
‘weak’ method used to obtain it, each ‘weak value’ is re¬ 
lated to a particular ‘strong’ measurement strategy and 
can be used to understand some counterfactual proba¬ 
bilities obtained using the ABL formula. This results 
from the following theorem [21]: if the measured weak 
value of a dichotomic operator (i.e. operator having only 
two eigenvalues like the projections used in our gedanken 
experiment) is equal to one of its eigenvalues, then this 
value could have been found with certainty upon being 
strongly measured (see Property 4 below). 

While strong (projective) measurements change the 
probability of post-selection, weak measurements intro¬ 
duce negligible changes of the measured state and thus 
hardly affect subsequent interactions with the system. 
For this reason, it seems that weak values of sequential 
observables can shed light on, and test experimentally, 
fundamental questions such as Leggett-Garg inequalities 
[nHH], which are based on multiple-times observables. 
Mitchison et al. have previously used weak values of 
sequential observables to explain strange predictions re¬ 
garding measurements in a double interferometer [28] . 
Their theoretical proposal has been recently further ana¬ 
lyzed [nun][30] and demonstrated experimentally [ST]. A 
different approach to analyze consecutive measurements 
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is described in . Here we extend the results of Mitchi- 
son et al. and relate them to the original work on sequen¬ 
tial observables [2]- Our main result is two-fold: a sys¬ 
tematic analysis of the quantum system’s path in terms 
of weak and strong sequential measurements, as well as 
an erasure-based scheme for implementing them. Under 
the right pre- and post-selection the system apparently 
traverses mutually exclusive paths, each with probability 
1 . 

Analysis in terms of weak values requires the introduc¬ 
tion of a new measurement scheme, first described in [T]. 
Using the proposed scheme also helps in providing a de¬ 
tailed answer to the questions ‘what is the path of a parti¬ 
cle?’ [55] and ‘where have the particles been?’ |55H55] . It 
was suggested that in-between two strong measurements, 
the particles have been where they left a ‘weak trace’, i.e. 
a non-zero weak value. This approach towards the past 
of a quantum particle has attracted much attention and 
generated some controversy [57H55] . 

While similar paradoxical behaviour has been dis¬ 
cussed for both strong and weak measurements (51- 
I5H1155] , the setup we describe is special in that the ob¬ 
servable quantities are not Hermitian operators (see also 

03 )- 

Our method, based on sequential measurements of pro¬ 
jection operators followed by quantum erasure, lets us 
track the particles in several places along their way and 
thus provides a richer notion of their past. To measure 
the sequential observable we use a technique based on 
the erasure scheme [1] which was first used for perform¬ 
ing non-local measurements. The setup (see Fig. is 
very similar to the non-local case, first we make a strong 
measurement and record the result on an ancilla, we then 
use this result by making a measurement on both the an¬ 
cilla and the system. Finally we erase the result of the 
ancilla. This final step allows us to undo the backaction 
of the first system-ancilla interaction. In sec IIIID3I we 
describe one special case in full detail. The generalization 
to other multi-time observables is straightforward. 


The outline of the paper is as follows. In section jn] we 
discuss measurements in the TSVF. In Sec. |Tn]we spe¬ 
cialize to the case of sequential measurements, present 
the Deterministic-Path Paradox and describe our main 
result, a scheme for performing generic sequential mea¬ 
surements [1]. A reader who is only interested in the 
details of this scheme can skip directly to sections WE 
and IIII DI 

II. MEASUREMENTS IN THE TSVF 

The TSVF is a time symmetric formulation of quan¬ 
tum mechanics, that can be used to calculate probabil¬ 
ities for measurements between a pre-selection Itjj) and 
a post-selection {(p\. It usually helps in acquiring better 
understanding of a system between two projective mea¬ 
surements. 

The following setup is relevant for the rest of the pa¬ 
per: At time to a system S is prepared in the state l"^). 
Later, at the system undergoes a projective rank-1 
measurement and is found to be in the state \(j))- For 
clarity of notation we represent this post-selected state 
as {(j)\. Since quantum mechanics is time-symmetric, it is 
possible to think of the state \ijj) as evolving forward in 
time and on the state {4i\ as evolving backward in time. 
We assume the free evolution is the identity, so if there 
are no interactions at intermediate times, the state of 
the system is best described by the the two-state vector 
(^ 11 ^) [ 22 |- 

We want to predict the results of measurements made 
at the intermediate time interval U to t 2 , where to < 
ti < t 2 < tf. We consider two types of measurements, 
a strong (projective) measurement and a weak measure¬ 
ment. In this section we introduce the standard formal¬ 
ism for these two types of measurements. In the follow¬ 
ing sections we will extend them to the case of sequential 
measurements using two techniques: Modular measure¬ 
ments m [55] and the erasure method [T] . 



FIG. 1: The erasure scheme for the sequential oper¬ 
ator BA: To make a variable strength measurement of the 
operator BA we first use an ancilla to couple strongly to A at 
time ti and then use the meter to couple to both ancilla and 
the system to measure the joint observable. The measurement 
is completed by erasing the result recorded in the ancilla, a 
probabilistic procedure. The strength of the measurement can 
be selected by changing the strength of the interaction at t 2 . 


A. Strong measurements 

We use the term strong measurement to refer to a mea¬ 
surement that gives an unambiguous result and projects 
S onto the corresponding subspace. Let A be a measure¬ 
ment operator characterized by the projectors such 
that A = J2k‘^kAk- Given the two-state vector {(j)\ \ip), 
the probability that an intermediate strong measurement 
of A yields a result corresponding to Ak is given by the 
ABL formula nuns]: 


Pr {Ak\tp,(j)) 




( 1 ) 


We usually think of A as an Hermitian operator and 
Ak are projectors onto the degenerate subspaces of this 
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operator. However, as we will see below (Sec. HID), the 
formula can be extended to a more general case where 
H is a quantum channel and are the corresponding 
Kraus operators (see also m)- 


B. Weak measurements 

For a system described by the two-state vector {cj)\ \ip), 
the weak measurement of an operator A produces an out¬ 
come {A}u, = called the weak value of A 

The standard method for implementing this weak mea¬ 
surement is to couple the system to a meter with momen¬ 
tum P and position Q via the von Neumann interaction 
Hamiltonian Hi = f(t)AP. This way, the shift in the 
pointer’s position will be proportional to the weak value. 
The weakness (or strength) of the measurement is usu¬ 
ally modihed by varying the strength of the interaction 
g = j fit) dt and/or by changing the variance of the 
initial state of the measuring device. 

In general, the measurement process between ti and ^2 
is an interaction between the system S and a meter AI, 
such that at the end of the process the (change in the) 
meter’s state corresponds to the measurement outcome. 
While the state of the system can be arbitrary, the state 
of the meter is specified according to the desired prop¬ 
erties of the measurement. To avoid confusion, we use 
the subscript w for a meter in a weak measurement. The 
meter’s initial state is denoted by jO)^”. 

The weak measurement is a physical process param¬ 
eterized by the parameter g. It can be modeled as a 
map taking a pure product system-meter state = 

IV') (V’l ® |0) (0| to a joint state Wg(Po^”)’ ®^oh that the 
following properties hold at 5 — >■ 0 [T]. 

Property 1 - Non-disturbance - The probability 
of post-selecting a state ((/|, given by P{4>) = 

tr[((/| >Vg(pQ^“) |(/)], is unaffected by the measurement 
up to terms of order g^ 

Pif^) = \{mni-oig^)] (2) 


Property 2 - Weak potential- After post-selection the 
meter state |0)^™ is shifted by a value proportional to the 
‘weak value’ 


{A}w 




(3) 


that is, the final state of the meter is e *9^™ |0), where 
Hyj oc thus 

(-/I \^) « |0) (0| + Oig^). (4) 


The measurement must also have a strong limit at p = 
1 with the following property: 


Property 3 - Strong limit- Wi(pq^”’) is a strong 
(Liiders) measurement. 

While most weak measurements have been realized via 
a coupling to continuous variables, weak values appearing 
in couplings to qubit meters have been given increasing 
attention recently [ISl H51 - [5U| . In the current work we 
shall analyze the discrete, qubit meter case. Properties 
1,2 are valid also in the case of coupling to a discrete 
variable, as long as the coupling is weak enough [45] . 
Property 3 is easily achieved when the corresponding ob¬ 
servables are dichotomic (as in the examples that follow), 
however one has to be careful in more general cases. 

The case of dichotomic observables is of special inter¬ 
est and has an interesting property in the case of weak 
measurements |44j . 

Property 4 If A is a dichotomic observable, i.e. A = 
aoAo -\- aiAi, where Ai are projection operators, then 

Pr(Hfc|^,(/)) = 1 = Ofe (5) 

This property follows simply from property and the 
ABL rule, Eq. 0. 


III. SEQUENTIAL MEASUREMENTS 

As the first example of non-trivial sequential measure¬ 
ment Aharonov and Albert |2] described an experiment 
where, by using a modular meter, it is possible to perform 
a correlation-type measurement of a two-time operator 
(that is, a measurement of cr^ at time U followed 
by a measurement of ax at time ^ 2 )- Such a measure¬ 
ment can give qualitatively and quantitatively different 
results than correlations between a sequence of two mea¬ 
surements made on two devices, the first for Uz at time 
ti and the second for ax at time t 2 - In a more recent 
approach [28] , the path of a photon through a double in¬ 
terferometer was shown to exhibit strange behavior when 
questions about its location at a given point in time were 
asked. These were resolved using weak values of sequen¬ 
tial observables. The weak values were, however, related 
to an indirect measurement procedure. If the observable 
at time ti is Ai and the observable at time ^2 is A 2 , 
then it is possible to extract the sequential weak value 
{A 2 Ai}zu by performing a weak measurements of Ai us¬ 
ing a meter qi and of A 2 using q 2 . Using an equality 
initially derived by Resch and Steinberg m. it can be 

shown that ( 9192 ) = ^Re[{A 2 Ai}zo -b {Ai}xo{A 2 }w\- So 
the weak value can be extracted although the procedure 
is not a weak measurement, i.e. it does not have proper¬ 
ties 1-3 above [uiisiiisiisa. 

Below we present a similar example of sequential mea¬ 
surements and show a scheme for performing these mea¬ 
surements directly. We will use this example to illustrate 
some of the features of weak and strong sequential mea¬ 
surements. To avoid confusion we use the notation PiA) 
to denote the probability of outcome corresponding to 
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the operator A in a strong measurement and {A}^ to 
denote the weak value of the operator A. 


t = t„ t = t^ t = t^_ t = t^ 



A. Setup 

Our example is based on the following scenario (see 
Fig. I^a): A system S is prepared in the state 


cr, = tl 



1^) = COS0 |0) + sin0 |1) (6) 

and post-selected in the state 

Id)) = cos(/) |-|-)-I- sint/) |-), (7) 

where we use the standard notation Uz |0) = |0), 
CTz |1) = - |1) and |±) = ± |±). 

At the intermediate times, two projective measure¬ 
ments are made: First a measurement in the Z ({0,1}) 
basis and later a measurement in the X ({-I-, —}) basis. 
If one performs these measurements independently (he. 
each with its own meter) there are four possible results 


( 0 ,+), ( 1 ,+), ( 0 ,-), ( 1 ,-). ( 8 ) 

These correspond to the following four operators: 

A=|+)(+| |0) (0| = ^ 1+) (0| (9) 

i? = l+)(+l |1)(1| = ^|+)(1| (10) 

C = !-)(-! |0)(0| = ^|-)(0| (11) 

^=|-)(-| | 1 )( 1 | = ^|-)( 1 |, ( 12 ) 

that add up to the identity A + B + C + D = 1. We also 
note that 

A +D (13) 

B + C=-{J + iay) (14) 

The four transition amplitudes are 


FIG. 2: The basic setup, a) Two sequential measurements 
in the Z and X bases are performed on a pre- /post-selected 
system {4>| b) The four possible measurements outcomes 
are translated into four paths. 


B. A sequence of two strong measurements 

If we use a sequence of two projective measurements 
(he. we measure in the Z basis, read out the result and 
then measure in the X basis) we get the probabilities 


P(A) = 

a 

(19a) 

+9“^ + + d? 

PiB) = 


(19b) 

+ c'^ + 

P{C) = 


(19c) 

a'^ + 9“^ + 

P{D) = 

d?' 

(19d) 

a? + P + d? ' 


corresponding to the four possible paths in Fig. Eb. 

This type of measurement represents the question 
‘which path did the system follow?’. We now turn our 
attention to two other ways of measuring the observables 
A, B,C,D . The first of these (Fig. [^a) is a measurement 
that can only distinguish between pairs of the results in 
Eq. M, by coupling to a single meter. In the final setup 
(Fig. [^b), each measurement distinguishes one result 
from the other three, marking a distinct path from Itjj) 
to 1^). Our choice of pre- and post-selection is inspired 
by the three box paradox [44] and produces a situation 
where we can deterministically observe the system going 
through two mutually exclusive paths. 


a = (<i)| A \tj;) 
b= {<i>\B\i}) 
c={^\C\i:) 
d = {^\D I'ijj) = 


cos 9 cos 4> 
sin 9 cos (j) 

V2 

cos 9 sin (j) 

V2 

sin 9 sin (j) 


V2 


(15) 


C. Sequential measurement using modular values 


(16) 

(17) 

(18) 


In the spirit of |2] we will now study a measurement 
of a sequential observable azx = A result of 

-1-1 corresponds to both (0,-1-) and (1,—) in the Z,X 
measurements, while a —1 result corresponds to (0,—) 
and (1, +). This is the same as measuring the operators 
Me = a + D and Mq = B + C respectively (see Fig. 
|a). 
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(T^ = +1 



FIG. 3: Different measurement schemes, a) Sequential 
measurement of the modular values Me = A + D and Mo = 
B + C. b) Measurement C of path C. 


1. The probabilities for a strong measurement 
The probabilities for a strong measurement are 


P{Me) = 

{a + dY 

(20a) 

{a + dY + (6 + cY 

P{Mo) = 

{b + cY 

(20b) 

{a + dY + (6 + cY 


The difference between this measurement and a scheme 
using two separate measurements is apparent when we 
consider deterministic outcomes. For Eq. (191 we need 
to set 0 = 0,7r/2 and (j) = 0,7r/2. In contrast, for the 
modular measurement, we need to set either 9 = —cj) to 
obtain 6 + c = Oor0 = 7r/2 — (/)to obtain a + d = 0. 


2. The corresponding weak values 


D. The Deterministic Path paradox 


In the second example the measurement device is set 
in such a way (see Fig. above and Sec. HID3 below) 
that it clicks only for one of the four possible outcomes, 
say C (see Fig. ib). In this case we have four differ¬ 
ent measurement settings: A, where a result of 1 ( or 
‘click’) corresponds to path A while a 0 (or ‘no-click’) 
corresponds to not going through path A and likewise 
for B,C and D. Using the ABL rule we arrive at the 
following probabilities for a ‘click’ in each experiment. 


Pa{A) = 

Pb{B) = 
Pc{C) = 
Pb{D) = 


a 


+ {b + c + d)2 

b"^ + {a + c + d)^ 

+ {a + b + dY 

d? 

d? + {a-\-b + cY 


(24a) 

(24b) 

(24c) 

(24d) 


These probabilities are very different from the sequence 
of individual measurements described in Eq. (19). 


1. Derivation of the ‘paradox’ 


We want to find 9 and (j) such that B and C click with 
certainty, if the paths are projectively measured (i.e with 
measurements B and C, respectively). Using Eq. (24) 
the conditions for Pk{B) = Pc{C) = 1 are 


To calculate the weak values we can use the fact that 
weak values are additive, hence 

{MeU = + {DU = ■ AY -1 ( 21 ) 

a -I- 0 -I- c -I- d 

{Mo}u, = {B}^ + {C}^ = ( 22 ) 

r a + d—b—c 

{crxz}w = [Me — Mo}w = ——ry-—^ (23) 

a -I- 0 -I- c -I- d 


a -|- c -I- d = 0, (25) 

u -|- 5 -l- d = 0, 

6 0, c 0 

Subtracting these we get c = b, which translates to 
cot(d) = cot{(j)). Using this, and dividing the hrst equa¬ 
tion by sin d sin yf: 0, we get 

cot^ (j) + cot (p — 1 = 0 (26) 


We can now see the difference between the four out¬ 
come measurement of Eq. (19) and the two outcome mea¬ 
surement of Eq. (20). A deterministic result in the latter 
can be obtained in cases where either the weak values for 
the individual operators are 0 {i.e. {A}^, = {!!}„, = 0 
or {B}yj = {C}w = 0) or in cases where one of the 
weak values is negative and balances out the other {i.e. 
{A}^ = -{£>}„, or {B}y, = -{C}u,). 

To experimentally measure the weak and strong val¬ 
ues for this setup it is possible to use the modular val¬ 
ues method of Kedem and Vaidman [46] , or the erasure 
method [T] (see Sec. HID3 below). 


and the solution is 

cot 9 = cot (/) = — ^ ^ ^ (27) 

The apparent paradox can be described as: 

1. The paths B and C are mutually exclusive. 

2. The system traveled through path B with certainty. 

3. The system traveled through path C with certainty. 
However, statements 2 and 3 are counterfactual, we 

cannot ascertain them simultaneously. Or can we? 
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2. The weak value of a path 


As in the three box paradox |44) . weak measurements 
allow us to make sense of counterfactual statements. 
While the measurements B and C cannot be performed 
simultaneously, their weak counterparts can. The results 
are consistent with the apparent ‘paradox’. For general 
9 and (f> the weak values are: 


{^}iu — 

a 

(28a) 

a + b + c + d 

{B}^ = 

b 

(28b) 

(x b c d 

{CU = 

c 

(28c) 

a + b + c + d 

{D}^ = 

d 

(28d) 

Qj -\- b -\- c ~\~ d 


For the deterministic case, using the solution (27), we 
have 


, a „ —1 ± \/5 

= - = cot 6 » =- - - 

{BU = 1 = 1 
{CU = ^ = 1 

{D}^ = T = -tand = ^ 

0 1 T v5 


(29a) 

(29b) 

(29c) 

(29d) 


Hence {B}^ = {C}u, = 1 and {A}u, + {Z3}u, = —1. As 
expected the total number of particles traversing the four 
paths is 1. Moreover, the particle traversed both paths 
B and C with certainty. These results could have been 
predicted using property Furthermore, we could have 
used this fact to arrive at Eq. (26). 


This result raises a question regrading the ‘past of a 
quantum particle’ [36j . If the particle is understood to 
be at every place it left a ‘weak trace’, then we can con¬ 
clude it traveled through all four paths. However, if we 
understand the weak value as an effective weak potential 
m then a weak coupling to the particle in B and C will 
result in the effective H[ = -|- 1 , while coupling to the 
particle in A/D will be negative. 

This result accords well with the past results of the 
three box paradox |331 [SH US], the negative pressure 
paradox [52] , the Cheshire cat [SS] [SS] , Hardy’s paradox 
[6||7|159] and others, where weak measurements reveal a 
curious behavior of pre- and post-selected systems. 


3. The erasure method for measuring a distinct path 

Weak values provide an interesting perspective for the 
situation described above. However, their physical mean¬ 
ing is lost, if there is no corresponding weak measure¬ 
ment. To perform the desired sequential weak measure¬ 
ment we use the erasure method introduced in [T]. The 
erasure method uses two basic principles. 


1) It is possible to undo (erase) the effect of a von Neu¬ 
mann coupling by making an appropriate measurement 
on the meter. 

2) It is possible to make a von Neumann measurement 
at any strength using the following procedure 

• Coupling iS to a meter M.g with the standard 
(strong) von Neumann coupling. 

• Coupling A4s to a second meter Mw using a von 
Neumann coupling of the desired strength. 

• Erasing the result on Adg. 

To show how this is done in our example (see also Fig. 

we define three types of unitary operators CNOT , 
CijR[g) and R/j{g) as follows: 



CNOT\0)\0 = \0)\0 


(30a) 


CfVOT |1) 10 = |1) a. 

10 




R{g) = 


(30b) 

CijR{g) \i) 1 


= N) |j) e*®"- m 


(30c) 

C^R{g) \l) 1 

to) \ip) 

= 10 |w) \tp) 

v(*,j )^(0 

to) 

RfAtd) 

= R{9) 

if (ij) = 


(30d) 


=I 

otherwise, 


where the index i 

takes the values 

-)-, — and j 

takes 


the values 0,1. The measurement procedure requires an 
ancilla and a meter. It works in the following way: First 
we perform a CNOT on the system and ancilla to mea¬ 
sure the system in the Z basis. Next we perform CijR{g) 
with {i,j) set to be the inverted sequential operator we 
want, for example (i,j) = (+, 0 ) for the measurement 
A of A. This rotates the meter by g around ax when 
the system follows the measured path. Finally we erase 
the first measurement by post-selecting the ancilla in the 
|-|-) state. Failing this final step is the same as a uni¬ 
tary operation on the initial state. It is possible to undo 
this unitary, but the cost is a change of the measurement 
operator. 

We will follow the circuit for an arbitrary pre- and 
post-selection. \ijj) = a |0) -I- /3 |I), \(f)) = 7 |-l-) -|- (51—) 

1. Initial state: 1-System; 2-Ancilla; 3-Meter 

|vl/i) = [a|0)+/?|l)]|0)|0) (31) 

2. CNOT on 1,2 

|vl/,) = [a|0)|0)+/3|l)|l)]|0) (32) 

= 1+) |0) + a I-) |0) + p\+)\l)-/3 |-) |1)] |0) 
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3. C,,R[g) | 4 ' 2 ) 


(C) (i,j) = (-,0) 


IVI/ 3 ) ~[a 1+) |0) R^{g) |0) + a |-) |0) R^{g) |0) 

+ /3|+)|l)i?+i(5)|0)-/3|-)|l)i?-.i(5)|0)] 

(33) 

4. Erasure: We measure ax on 2 and discard this sub¬ 
system. If the result is |-|-) we (‘succeed’ and) get 
the unnormalized state 


14/1) =a 1+) R^{g) |0) + a |-) R-f{g) |0) (34) 

+ l3\+)R^{g)\Q)-f3\-)R;^{g)\0) 

If the result is |—) we (‘fail’ and) get the unnormal¬ 
ized state 

|v|/{) =a 1+) R+^g) |0) + a I-) R-°ig) |0) (35) 

-/3|+) i?+'(5)|0)+/?|-)i?--'(5)|0) 

We will continue the derivation for successful era¬ 
sure (Eq. 1^ and only later return to the failed 
case. 

5. Post-selection in \(j)) = 7 |-|-) -|- (5 |—) 

14/1) =ajR+°ig) |0) + aSRT^^ig) |0) (36) 

+ ^lR^{g)\0)-P6R-^ig)\0) 

We now have four cases corresponding to the dif¬ 
ferent choices of i,j 


(A) {i,j) — (-I-, 0) 


a^R{g) 0) -1- aS 0) -|- /?7 0) — pS 0) 

(37) 

(B) {i,j) = (-h,I) 


07 0) -1- aS 0) -1- P'yR{g) 0) — /3S 0) 

(38) 

(C) (z,j) = (-,0) 


a7 0) -1- adR{g) 0) -|- /?7 0) — /35 0) 

(39) 

(D) (LJ) = (-,1) 


aj 0) -1- aS 0) -1- /37 0) — (3SR{g) 0) 

(40) 

Setting a = 7 = cosff , j3 = 5 = sinff, and writing 
Rid) |0) = Iff), we have 

(A) (bi) — (+, 0) 


cos^ 9 \g) [2 cos 0 sin 0 — sin^ 0] 0) 

(41) 


(B) (z,j) = (+,!) 

[cos^ 9 + cos 0 sin d — sin^ d] |0) -I- cos 9 sin 9 \g) (42) 


[cos^ 9 + cos 0 sin d — sin^ |0) -I- cos 9 sin 9 \g) (43) 

(D) (*,7) = (-,l) 


[2 cos d sin 0 -I- cos^ d] |0) — sin^ ^ Iff) • (44) 


When cos^ 9 + cos 9 sin 9 — sin^ 0 = 0 the pointer in 
cases B and C will point at g as expected. Note: that 
this is true for any value of g, which is consistent with 
property 

Returning to the erasure step, failure would mean the 
post-erasure state is proportional to Eq. (35). This state 
corresponds to Eq. (34) with the change /3 —>■ —f3 which 
can be interpreted as a a^ operation on the initial state. 

We can ‘undo’ this operation by applying az to the 
system to get 


a\-)R^{g)\0)+a\+)R^{g)\0) (45) 

-^|-)i?+'(ff)|0)+/3|+)i?--'(ff)|0) 


Comparing with Eq. ( [M| we have the same state up to 
a change in the measurement operator, switching A -o- C 
and BoD. For a weak measurement we can apply 
A, B, C and D simultaneously so that the change in mea¬ 
surement operator can be corrected in post-processing. 

Similarly, the above method can be used for performing 
non-local weak measurements of the peculiar weak values 
discussed in m- 

Finally, it is possible to think of other interesting mea¬ 
surement operators that can create stronger versions of 
the paradox above. However, it is unclear if we can as¬ 
sign physical meaning to those operators using the era¬ 
sure scheme or other more complex schemes. 


IV. CONCLUSIONS AND OUTLOOK 

We presented an extension of the erasure scheme [T] 
that can be used to perform special types of sequen¬ 
tial measurements. To demonstrate the potential of this 
scheme we described three gedanken experiments that 
showcase the difference between a sequence of measure¬ 
ments and sequential measurements. In the first we ask 
‘which path did the system go through?’, in the second we 
ask ‘did the system go through A/D or through B/CT. 
Finally, for each path we ask ‘did the system go through 
this path?’. The answers to these three questions do not 
agree, and moreover, the answer to the last question sug¬ 
gests that the system exhibits surprising behavior by de¬ 
terministically traversing two routes at the same time. It 
is possible to attribute the strange behavior to the fact 
that the questions are mutually exclusive, however the 
results are consistent even when weak measurements are 
used. Our scheme shows that these theoretical predic¬ 
tions could be can be tested experimentally. 




Optical implementations of weak measurement exper¬ 
iments have become common in the last decade [HI [Ml 
[MIIMIISO]- It is convenient to think of an optical version 
of the paradox using a double interferometer as in |28j . 
The advantage of this setup is that the path described 
by the Z, X measurements corresponds to an actual path 
along the arms of the interferometer. However, from an 
experimental point of view an optical test of this exper¬ 
iment may be hard to realize due to the large number 
of qubits required {i.e. 3-5 qubits |6^). The mathemat¬ 
ical description of our protocol in terms of Pauli oper¬ 
ators (rather than optical paths) was deliberately cho¬ 
sen with the view that these experiments are more likely 
to be performed in other platforms such as liquid state 
NMR [^ or superconducting qubits (where the sequen¬ 
tial weak measurements on independent meters are per¬ 
formed routinely) [T7| [HI |6T] . References [171 EH] experi¬ 
mentally demonstrate a qubit meter in a superconducting 
system with explicitly variable strength, with the latter 
experiment being realized on a chip with 9 independently 
controllable qubits, thus possibly allowing the proposed 
circuit to be implemented in a similar system. 

The experiment described here demonstrates only one 
potential use of the erasure scheme in the context of 
sequential or non-Hermitian observables. The study of 
these types of observables might have been overlooked in 
the past due to the lack of a method to make sequential 
measurements and partly due to the ambiguity in their 
definition as described in the three different experiments 
above. The erasure scheme opens up the possibility for 
making a large class of such sequential measurements, as 
well as the possibility for further exploration of their sig¬ 
nificance. They may lead to two complementary research 
directions, one related to the foundations of quantum 
mechanics and one related to development of practical 
methods in quantum information processing and quan¬ 
tum control. 

On the foundational side, sequential measurements of 


the type described in Sec. HID offer a different view of 
the evolution of a quantum system and provide a unique 
approach for probing the causal structure of quantum 
mechanics. They can be combined with the non-local 
measurements described in [Tj to probe general space- 
time observables (e.g. in the cases of quantum steering 
[HU |S3] or summoning [M] |SS]) in a way that has not 
been explored yet in much detail (see also [M] for one 
implication of these sequential measurements). General 
space-time observables are interesting at both the weak 
and strong regimes. It is, however, unclear if the erasure 
scheme can be somehow modified to perform a continuous 
sequential measurement of this type which could provide 
answers to more general questions. 

Regarding quantum control, we have already described 
how the non-local version of the erasure scheme can be 
used for performing a variable strength Toffoli gate [T]. 
Examples of this kind are easy to find when discussing 
non-local interactions since they are very natural in quan¬ 
tum protocols. The role of sequential observables in 
quantum information processing and quantum control 
methods have not been explored much, but we believe 
that our experimentally feasible method is capable of 
opening up new opportunities in this direction. 
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